The 2α+t cluster structure in 11 B is investigated by the microscopic generator coordinate method (GCM) with the Brink cluster wave functions. With a proper choice of the parameters of the effective interaction, the calculated energy spectrum shows reasonable agreement with the observed lowlying spectra of both parities. On the basis of the calculated radii, monopole and B(E2) transition strengths, several developed cluster states of 11 B are suggested. For the negative-parity states, in addition to the well-known 3/2 − 3 cluster state, the 1/2 − 2 and 5/2 − 3 states are also proposed as the well-developed cluster states. For the positive-parity states, it is found that many states around the 2α + t threshold show the feature of developed clusters. In particular, the 1/2 + 2 state is found to have a linear-chain-like structure, which is consistent with the previous antisymmetrized molecular dynamics calculation, but contradicts to the orthogonality condition model calculation. It is also found that many of these positive-parity cluster candidates have the non-negligible isoscalar dipole transition strengths, which require the experimental confirmation.
I. INTRODUCTION
The study of cluster states of light nuclei [1] [2] [3] [4] [5] [6] has always been an important subject in nuclear physics, which provides us with a new perspective for understanding nuclear structure and many-body problem in atomic nuclei. The 12 C is one of the most typical clustered nuclei. In particular, its famous Hoyle state is known as an α condensed state [7, 8] or gas-like state. This kind of well-developed cluster states shows us a novel motion of clusters in a nucleus, which cannot be explained by the single-particle picture. In this decade, the search for the gas-like or well-developed cluster states [9] [10] [11] [12] [13] [14] in self-conjugate nα nuclei and also in non-nα nuclei attract great interest both in experiment and theory.
In analogy to the 3α cluster structure in 12 C, it is a very interesting subject to investigate the developed 2α + t cluster structure around the threshold energy in the non-self-conjugate nucleus 11 B. In particular, it is the central interest in this study if we can find the gaslike cluster state analog to the Hoyle state in 12 C. The early orthogonality condition model (OCM) calculation by Nishioka et al. [15] showed that the 3/2 − 3 state at 8.56 MeV and the several negative-parity states around 10 MeV are the promising candidates for the well-developed 2α + t clustering, while the low-lying states are the compact shell-model-like states. They also concluded that the positive-parity states have the transient nature between the shell and cluster structure in 11 B. Decades later, the antisymmetrized molecular dynamics (AMD) calculations showed that [16] the 3/2 − 3 state has the prominent 2α + t cluster structure without any a-priori assumption on the cluster formation. They also showed that [16] the 3/2 − 3 state has the strong IS monopole transition strength from the ground state because of its spatially extended cluster structure whose matter radius is 2.65 fm. This enhancement of the IS monopole transition strength is in good accordance with the observation [17] . On the basis of the analysis using the Brink wave function, they showed that [18] the t cluster has broad spatial distribution around the 2α cluster core, which is the reason why they concluded the 3/2 − 3 state as the Hoyle analog state.
More recently, Yamada et al. [19] renewed the Nishioka's work by performing the OCM calculation with much larger model space. They confirmed that the 3/2 − 3 state has a 2α + t cluster structure with a large matter radius of 3.00 fm. Furthermore, they reported that the 1/2 + 2 state at 12.56 MeV has a dilute cluster structure with a very large nuclear radius of 6 fm. By analyzing the cluster orbits occupied by the α and t clusters, they concluded that the 1/2 + 2 state should be regarded as the Hoyle analog state as all clusters are approximately occupying s-wave states, while they are not in the 3/2 − 3 state. Recently, by a new measurement of α resonant scattering on 7 Li, Yamaguchi et al. [20] did not observe the strong resonance 1/2 + state at 11.7−13.1 MeV, instead, they proposed the existence of another 3/2 + or 9/2 + state at 12.63 MeV. So far, the experimental counterpart for this 1/2 + 2 state has not been identified yet. Thus, two different Hoyle analog states, the 3/2 − 3 and 1/2 + 2 states, were suggested as the candidates of the Hoyle analog state by two different types of the theoretical models, AMD [16, 18] and OCM [19] . The former (the 3/2 − 3 state) is experimentally identified well by its pronounced IS monopole transition, but cannot have the s-wave nature because of its spin and parity. On the other hand, the 1/2 + 2 state can have the s-wave nature which is the most prominent characteristics of the Hoyle state. However, its existence [20] is experimentally uncertain as it may be a broad resonance and cannot be populated by the IS monopole transition from the ground state. It is also noted that no microscopic cluster models report the existence of the 1/2 + state with the s-wave nature, and only the semi-microscopic calculations (OCM) report it.
This contradicting and puzzling situation motivated us to conduct the study of the 2α + t cluster states based on the microscopic cluster model. We will study the cluster states in the framework of the generator coordinate method (GCM) using the Brink wave functions as the basis wave functions. Based on the excitation energies, radii, and the transition strengths, we will discuss the possible developed cluster states in 11 B. Our main interests in this work are as follows. (1) The Hamiltonian used in the present study includes the kinetic energy, effective nucleon-nucleon and Coulomb interactions,
where t cm denotes the center-of-mass kinetic energy which is exactly removed from the total energy. As the effective nucleon-nucleon interaction, we employed the Volkov No.2 interaction [21] combined with the spin-orbit part of the G3RS interaction [22, 23] which is given as,
Here P σ , P τ , and P ( 3 O) denote the spin and isospin exchange operators and the projection operator to the triplet-odd states, respectively. The parameter set is listed in Table. I, which is slightly modified from that adopted in Ref. [16] to reproduce the binding energy of the ground state and the splitting between the 3/2 − 1 and 1/2 − 1 states, simultaneously. In this study, we employ the Brink wave function [24] for the basis wave function of the GCM calculation. The system composed of the 2α+t clusters located at R 1 , R 2 , and R 3 is described as follows,
where Φ α and Φ t denote the wave functions of α and t clusters, respectively. φ(R) is the Gaussian wave packet for the single nucleon located at R. The size parameter b is chosen as 1/(2b 2 ) = 0.235 fm −2 . χ p↑ , ..., χ n↓ represent the spin-isospin wave functions, and the spin of the proton in the t cluster denoted by s is either of up or down. R 1 , R 2 , and R 3 are the generator coordinates and abbreviated as {R} = {R 1 , R 2 , R 3 }. The condition 4R 1 + 4R 2 + 3R 3 = 0 is imposed to remove the centerof-mass motion.
By the parity and angular-momentum projections, we obtain the projected wave functions,
where P π and P J MK (Ω) denote the parity and angular momentum projectors. Then the projected basis wave functions with different values of the generator coordinates {R}, s, and different projections of the angular momentum K are superposed,
The coefficients of the superposition g {R}sK and the eigenenergies E are obtained by solving the Hill-Wheeler equation [25] ,
From the GCM wave function, we can directly calculate physical quantities such as radii and the transition probabilities.
In the practical calculation, the generator coordinates {R} = {R 1 , R 2 , R 3 } are chosen so that their interdistances R ij = |R i − R j | range from 1 to 6 fm with an interval of 1 fm. This choice of the generator coordinate, together with the degree-of-freedom of the triton spin direction, yields 186 Brink wave functions to be used as the basis wave function of the GCM calculation. To check the stability of the obtained GCM wave functions, we also performed GCM calculations by adopting larger model spaces for comparison. For example, we increased the maximum length of the inter-distance up to 8 fm, and found that the obtained states around and below the 2α + t threshold, which are of our interest in the present study, are almost stable. More importantly, we confirmed that the general feature of the physical quantities such as the IS monopole transitions are also stable. However, it is also noted that the highly excited states lying well above the 2α + t threshold are sensitive to the choice of the model space because of their strong coupling with the many-body continua. This requires the application of some methods to describe broad resonances, which will be our main focus in the next work. Recent years, the isoscalar monopole (ISM) transition has been regarded as a powerful probe to identify the developed cluster states, since it strongly induces clustering as proved by Yamada et al. [26, 27] 
where r i and r cm denote the ith nucleon coordinate and the center-of-mass, respectively. In addition to the ISM transition, the isoscalar dipole (ISD) transition has been proposed as an another probe [28] [29] [30] for the clustering. The transition operator and strength are defined as,
It is noted that the ISD excitation from the 3/2 − ground state yields the excited 1/2 + , 3/2 + , and 5/2 + states. We expect that the magnitude of the ISD transition strengths can be a clustering measure for these spin-parity states. The electric quadrupole transition strength is also calculated to investigate the band structure. Its transition operator and strength are given as,
Here τ iz is the isospin projection of the ith nucleon. We use the B(E2) strength to assign the possible band structure of the excited states.
C. Overlap between GCM and projected Brink wave functions
A GCM wave function is a superposition of many projected Brink wave functions having different generator coordinates {R}, spin s, and different projections of the angular momentum K in the body-fixed frame. Therefore, it is not straightforward to assign cluster configuration to each GCM wave function. For this purpose, it is convenient to introduce the overlap between the GCM and projected Brink wave functions. Here, the bodyfixed frame and the Brink wave function used as a reference state are defined as illustrated in clusters are aligned along the z axis with the inter-cluster distance R αα , and the t cluster is located at R t on the zx-plane. The triton spin direction is represented by s. With this Brink wave function denoted by Φ(R αα , R t , s), the squared overlap with the GCM wave function is defined as
Here S sKs ′ K ′ denotes the overlap between the reference Brink wave functions,
and its inverse satisfies the relationship,
We expect that the magnitude of thus-defined squared overlap is a good measure to find the 2α clusters with inter-cluster distance R αα and the triton cluster at the position R t . We will use this quantity to discuss the distribution of t cluster around the 2α cluster core. It must be noted that O(R αα , R t ) does not correspond to the probability, because the Brink wave functions with different cluster positions are unorthogonal to each other. In other words, the integral of the squared overlap,
is larger than unity by its definition.
III. RESULTS AND DISCUSSIONS
A. Energy levels Figure 2 shows the energy levels obtained by the present calculation (GCM) and they are compared with the experimental data, OCM [19] and AMD [16] calculations. Note that, in the present calculation, the 3/2 − 1 and 1/2 − 1 energies are fitted to the experiment to determine the parameter set of the effective interaction, but other states are not. We see that thus-determined parameter set plausibly describes the low-lying positiveand negative-parity bound states (the states below the 7 Li + α threshold) and qualitatively agrees with the observation, although it does not bound the 3/2 + 1 state in contradiction to the experiment. It is also noted that the 7 Li + α and 2α + t threshold energies and the energies of the 7 Li(3/2 − ) and 7 Li(1/2 − ) are also reasonably described, indicating that the parameter set yields reasonable inter-cluster potential for the α + t system.
In addition to the bound states, the calculation yields highly excited states around and above the threshold energies. In particular, as we will discuss in the following, the states around the 2α + t threshold energy such as the 1/2 − 2 , 3/2 − 3 and 1/2 + 2 states are the candidates of the pronounced clustering. We see that these highly excited states can also be assigned to the observed states from their excitation energies.
The AMD calculation [16] yields the negative-parity spectrum quite similar to ours, because a similar interaction parameter set except for much weaker spin-orbit strength (w 1 = −w 2 = 1600) was employed. However, we see that it yields quite different positive-parity spectrum and no state exists below the 2α + t threshold. The origin of the difference between the present and AMD calculations can be explained as follows. In the AMD study, the intrinsic wave functions were calculated before the angular momentum projection, which does not necessarily yield the energy minimum state after the angular momentum projection. Therefore, it can fail to describe the lowest energy states for a given spin and parity. Indeed, as we see later, the lowest 1/2 + state obtained by the AMD calculation has the linear-chain-like structure, which is similar to our 1/2 + 2 state. On the other hand, the 1/2 + 1 state obtained by the present calculation looks missing in the AMD result.
The OCM calculation [19] adopts the inter-cluster potentials which reproduce the α+α and α+t systems, and introduces phenomenological three-cluster interaction to reproduce the binding energy of 11 B. It yields similar energy spectra to ours, and the positive-parity spectrum shows slightly better agreement with the experiment. As explained later, the structure of the 1/2 + state is quite different between the OCM and the present calculation, which may originates in the difference of the effective interaction. One should also note that the observed deepest positive-parity state is the 1/2 + 1 state, while the OCM and present calculations fail to reproduce the correct order of the positive-parity states.
B.
Negative-parity states in 11 B
radii and transition strengths
We begin with the ground state of 11 B and the excited 3/2 − states, namely
, and 3/2 − 3 states. These negative-parity states have been well studied by AMD, OCM, and experiments, and the comparison with these results would be useful for verifying present calculations. In Table II , the root-mean-square (r.m.s) radii of the 3/2 − states from different cluster models and experiment are shown. For the ground state, the theoretical models, especially our GCM Brink model, overestimate the experiment. This may be due to the underestimation of the cluster distortion effect in the ground state by the cluster models. However, it is noted that the present calculation plausibly yields the electric quadrupole moment of the ground state 4.07 e 2 fm 2 , which fairly agrees with the observed value 4.07(3) e 2 fm 2 [32] . As for the excited 3/2 − states, the GCM Brink and OCM both predict larger radii than the ground state. In particular, the radius of the 3/2 As already discussed in Refs. [17, 26] , the enhanced monopole transition strength from the ground state is a good measure of the clustering of the excited states, and the 3/2 − 3 state is known to have fairly large transition strength. In Table III , we compare our results of the isoscalar monopole transition strengths with those from AMD, OCM, and experiment. The observed large ISM transition strength [17] , B(ISM ; 3/2
4 , provides us with a strong support for the developed cluster structure of 3/2 − 3 state. The AMD and OCM confirmed the large ISM transition strength successively. Now, in our calculations, we also obtained a quite large ISM transition strength, B(ISM ; 3/2
4 , which is consistent with the experimental data and quite close to the AMD result. We also note that the calculated ISM transition strength from the ground state to the second 3/2 − state is 8.42 fm 4 , which is also consistent with the experiment (< 9 fm 4 ). From these observations, i.e. the large radius and ISM transition strength, the AMD, OCM, and the present GCM Brink reach the same conclusion; the 3/2 
FIG. 3.
The GCM-Brink energy levels, r.m.s radii for the mass distributions (right side of the energy levels), and the isoscalar monopole transition strengths (stronger than 30 fm 4 ) for the negative-parity states in 11 B. The above and below dash lines are corresponding to the 2α+t threshold energy and 7 Li(3/2 − )+t threshold energy, respectively. Units for the energy and radius are MeV and fm, respectively. or 7 Li + t threshold energies, which are also the candidates of the developed cluster states. We expect that the ISM transitions from the low-lying 1/2 − and 5/2 − states serve as a measure of the clustering. Figure 3 summarizes the calculated energies, r.m.s radii and ISM transition strengths of the 1/2 − and 5/2 − states together with those for the 3/2 − states. Firstly, it is noted that the radii of the low-lying 1/2 − 1 and 5/2 − 1 states are as small as the ground state indicating their compact shell-model nature as already pointed out by Nishioka et al. [15] . Compared to these compact states, the 1/2 − and 5/2 − states around the 2α + t threshold have larger radii comparable with or larger than the 3/2 − 3 state indicating their dilute clustering. Moreover, it must be noted that the ISM transition strengths to these dilute states are considerably enhanced. Although it is difficult to directly measure these quantities, we consider that they are im-portant signature of the cluster development. Thus, the present result suggests that 1/2 − 2 and 5/2 − 3 states also have dilute cluster structure. We next discuss the B(E2) transition strengths which are useful to test the accuracy of the present calculation and to identify possible band structure. In Table IV, 
distribution of t cluster
To study the cluster configuration in the negativeparity states, the squared overlap O(R αα , R t ) defined by Eq. (16) was calculated. The distance between 2α clusters R αα is chosen to be an optimum value so that the squared overlap is maximized with the proper choice of R t . Thus, by fixing the R αα , the contour plots of O(R αα , R t ) are shown in Fig. 6 , which show how the t cluster is distributed around the 2α clusters in 11 B. Figure 6 clearly shows that the optimum values of R αα for the low-lying states (1/2 − 1 , 3/2 − 1 , and 5/2 − 1 ) are smaller than those of the high-lying cluster states. In these low-lying states, we also see that the distribution of the t cluster is confined to a rather small region reflecting the compact shell-model structure. For example, in case of the ground state, the squared overlap has the maximum value of O(R αα , R t ) = 0.93 with R αα = 2.4 fm and |R t | = 2.2 fm. This means that the ground state can be reasonably approximated by a single Brink wave function with small inter-cluster distance.
The high-lying cluster states (1/2
, and 5/2 − 3 ) show quite contrasting characteristics. Firstly, they all have relatively large optimum R αα , which are larger than 4 fm. Moreover, the t cluster has a wider distribution. For example, in the case of the gas-like cluster state 3/2 − 3 , the squared overlap has the maximum value of O(R αα , R t ) = 0.57 with R αα = 4.2 fm and |R t | = 4.0 fm. The smaller value of the maximum overlap and larger value of the inter-cluster distance indicate that the state cannot be approximated by a single cluster configuration due to its dilute gas-like nature. It must be noted that the 1/2 − 2 and 5/2 − 3 states also show quite similar distributions, and hence, we conclude that they also have dilute cluster structure.
As a whole for the negative-parity states, with the increase of excitation energy, we see that the compact shell-model states evolve to the developed cluster states. The 3/2 − 2 and 5/2 − 2 can be regarded as the intermediate states, which have larger R αα and wider t-cluster distributions than the ground state.
C. Positive-parity states in 11 B
radii and transition strengths
In general, compared with the negative-parity states, the calculated positive-parity states are located at relatively high energy region, and are all around the 2α + t or 7 Li(3/2 − ) + t threshold energies. Therefore, it seems that more positive-parity states are promising to have developed cluster structure.
Similar to the nagative-parity case, we expect that the well-developed positive-parity cluster states should also have pronounced monopole transition strengths from the 1/2 Figure 7 shows the calculated energy levels, r.m.s radii, and the ISM transition Table V . This means that the 1/2 + 2 states obtained by the GCM Brink and OCM are incompatible, which will be discussed later.
Besides the ISM transition, the ISD transition is another useful probe for the clustering. Since most of the calculated positive-parity states have large radii, we expect that the isoscalar dipole transition can be enhanced. Unexpectedly, the obtained ISD transition strengths are not enhanced as shown in Fig. 8 . The calculated transition strengths range from 1.4 to 7.6 fm 6 , which are not as strong as the single-particle estimate 21.6 fm 6 . These strengths should be directly compared with the experimental data to test the wave functions of the present calculation. There must be some kind of underlying theoretical reason for these relatively weak but distinct strengths, which will be explored in the future.
Next, we focus on the B(E2) transition strengths shown in Fig. 9 . Clearly, the excited states are classified into two groups; (1/2 6 2.53 fm 6 7.61 fm 6 1.44 fm 6 4.61 fm 6 5.98 fm 6 5.68 fm 6 1.97 fm 6 2. distribution of t cluster Figure 10 is the contour plot of the squared overlap between the Brink wave function and GCM wave function for the positive-parity states. Overall, most of the positive-parity states show the pronounced clustering as expected, in which the optimum 2α distance R αα is very large and the triton cluster has relatively broad distribution. We see that there are several different patterns in the t cluster distributions.
First and most obviously, the obtained 1/2 + 2 state has a linear-chain structure. In Fig 10 (b) , it can be seen that the squared overlap is largest at each end of the z axis ((R t ) x = 0 and |(R t ) z | = 4.3 fm), but rapidly decreases in other region. This indicates that the t cluster is mostly confined in the linearly aligned α-α-t or t-α-α configuration. The squared overlap has a maximum value 0.476 when R αα = 4.0 fm and |R t | = 4.3 fm, which approximately corresponds to touching three clusters. This explains why the r.m.s radius of the 1/2 + state in the AMD calculation corresponding to our 1/2 + 1 state may be due to the calculation procedure applied in the AMD study. They performed the energy variation before the angular momentum projection, which occasionally fails to describe the energetically unfavored states.
In contrast to the AMD result, the OCM calculation reported no linear-chain configurations, but reported the dilute gas-like charactor of the 1/2 + 2 state. Therefore, it is a quite interesting and important problem to clarify the character of the 1/2 + 2 state. Moreover, in addition to the 1/2 + 2 state, the 5/2 + 3 state also shows a kind of bent linear-chain structure, e.g., the maximum square overlap 0.54 appears at (R t ) x = 0.8 fm and |(R t ) z | = 3.9 fm. In fact, we have mentioned that these two states have been strongly connected by E2 transition and the strength B(E2; 1/2 + 2 → 5/2 + 3 ) is as high as 121 e 2 fm 4 . In Fig. 10 , from the distributions of triton cluster, it can be seen that the isosceles triangle shape is not favored for the cluster states in 11 B. In addition, the 5/2 + 1 state is shown having a compact cluster structure, considering it is the lowest positive-parity state in our calculations and it has a relatively small radius, which can be considered as a transient state in 11 B.
IV. SUMMARY
In this study, we investigated cluster states in 11 B using the GCM Brink wave functions. Firstly, with a proper choice of the parameters of the effective interaction, the energy spectrum including the negative-parity and positive-parity states were reproduced in the present framework. Moreover, based on the calculated radii and monopole transition strengths, several cluster states around the 2α+t threshold energy were suggested in 11 B. Some rotational bands were also discussed according to the obtained B(E2) transition strengths. Furthermore, by calculating the squared overlap between GCM Brink and projected Brink wave functions, the t-cluster distributions were shown for different states and the proposed cluster states were further supported. 
